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Abstract

A three-dimensional vector normalizer based on
pipelined on-line arithmetic s presented. The clock
period 1s kept small by the use of redundant adders
and low-precision estimates. The throughput is greatly
improved by wunfolding and pipelining on-line units
and the area is reduced due to left-to-right process-
ing. Assuming the same area/delay meiric, the pro-
posed scheme can improve throughput by 89% com-
pared with PROVEN scheme, an ASIC normalizer, and
by 10.2X compared with VU, a vector-processing unit
for 3-D graphics computing. When implemented as
an FPGA-based hardware accelerator, our scheme al-
lows 85% more throughput than VU, and 2.3X more
throughput than Pentium III SSFE.

1. Introduction

Vector normalization is a basic operation in many
computer graphics algorithms. The well-known Phong
illumination model [1] is such an example which needs
fast and frequent vector normalization. In this model,
the light intensity I of a point on an object surface is
given by

I = IA)\kaC)\+IL)\(deA(éNEN)+ks(éNﬁN)n) (1)

where éN is the normalized surface normal, EN 1s the
normalized light vector, H is the halfway vector which
in turn is the normalized sum of the light vector L

and the viewer vector V. Phong shading performs per-
pixel illumination computations to determine pixels’
colors using Equation (1). Despite of its superior ef-
fect, Phong shading is still uncommon in commercial
graphics hardware because of its per-pixel computation
complexity [2].

With the continuous improvement in IC technolo-
gies, direct hardware support for fast vector normal-
1zation, the bottleneck operation in Phong shading
and many other graphics applications, is being con-
sidered. Knittel [3] presented a deep pipeline struc-
ture for vector normalization, PROVEN, which could
produce one normalized vector each clock cycle. Since
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the functional units in PROVEN are based on conven-
tional arithmetic design, the clock period is relatively
large. Takagi and Kuwahara [4] [5] proposed a digit-
recurrence algorithm for computing Fuclidean norm of
a 3-D vector. The algorithm combines the operations
of three squares, two additions and a square root into
one digit-recurrence, which is similar to composite on-
line arithmetic [13]. Because it is a digit-recurrence
algorithm, the throughput is low. A composite on-line
arithmetic scheme for vector normalization (NOL) is
proposed by Ercegovac and Lang [6]. Similarly, this on-
line scheme has the throughput limited by the latency.
Compared to a standard floating-point scheme for 3-D
normalization, these two schemes have a speedup of 3.
No implementations are given for the above two digit-
recurrence algorithms.

An existing implementation is the 2.44-GFLOPS
300-MHz vector-processing unit (VU) for high-
performance 3-D graphics computing designed by Ide
et al. [7] and Suzuoki et al [8]. VU 1s a SIMD-
VLIW structure with parallel execution of multiply-
accumulate unit and divide/square root unit. We will
explore the execution of vector normalization on VU
later in Section 3.4.

Other approaches are FPGA-based hardware accel-
erators and field-programmable custom computing ma-
chines for graphics applications [9][10][11][12]. Consid-
ering that graphics algorithms keep evolving and more
computationally demanding, FPGA-based approaches
have important advantage in flexibility over ASIC so-
lutions and performance advantage over microproces-
sor implementations. There is little previous work on
FPGA-based accelerators for 3-D vector normalization.

In this paper, we present a pipelined on-line (POL)
scheme for 3-D vector normalization (TDVN), POL-
TDVN, and study its FPGA-implementation efficiency.
POL-TDVN is an extension of the non-pipelined on-
line (NOL) scheme in [6]. The throughput problem
caused by digit-serial nature of NOL arithmetic is
overcome by unfolding and pipelining recursive on-line
units. Unlike conventional arithmetic, on-line arith-
metic allows digit-level pipelining of recursive compu-
tations. The clock period is kept small by the use of re-
dundant adders and low-precision estimates. The area
of POL scheme is reduced by truncating unnecessary
digit-modules.

The rest of the paper is organized as follows. Sec-
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tion 2 defines the problem and general scheme. Section
3 presents implementation details of the NOL scheme,
which is the basis of the POL scheme. Section 4 il-
lustrates how to unfold and pipeline on-line arithmetic
units. Section 5 gives theoretical evaluation and com-
parison with PROVEN and VU assuming the same
area/delay metric. Section 6 shows FPGA implemen-
tation results and speedups over processor approaches.
Conclusions are given in Section 7.

2. Problem Definition and General
Scheme

A 3-D vector normalizer accepts a vector vV =
T

UP

N=[ns ny

and produces the normalized vector
n, ]T, which satisfies

[

d=1/vz? + vy? + 0,2 (3)

The core operations of the vector normalization are
sum of three squares (SO3S), square root (SQRT), and
division (DIV). Since each vector element is usually
represented in the floating-point format, a few extra
processing steps are needed before and after the core
operations.

(2)
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Figure 1: General on-line scheme

On-line arithmetic is useful in many computation-
intensive applications such as function evalua-
tion, matrix computations and DSP implementa-
tions [13][15][16][17][19]. In conventional arithmetic, all
digits of the result must be computed before the next
operation can be started. In on-line arithmetic, how-
ever, the operands, as well as the results, flow through
the arithmetic units in a most-significant-digit-first
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(MSDF) serial manner. Successive operations execute
in an overlapped manner as soon as a small number
of the input digits is available. The major proper-
ties of on-line arithmetic network are: (a) digit-level
operation overlapping, (b) high modularity, (¢) sim-
ple interconnection requirements, and (d) precision-
independent clock period. These properties make on-
line arithmetic suitable in reconfigurable systems such
as FPGA-based custom computing machines. The
main disadvantage of on-line arithmetic is the latency
determined by the serial nature of operations.

A general scheme using non-pipelined on-line (NOL)
arithmetic is shown in Fig. 1. Due to the floating-point
representation, it has exponent and significand units.
The exponents of the results are calculated in parallel
by the exponent unit. This exponent unit also pro-
vides the alignment distances for the alignment func-
tion in significand unit and executes final significand
normalization into the standard range [0.5, 1) if neces-
sary. In the following analysis, we neglect the exponent
unit. The significand unit performs the on-line compu-
tation. The bit-parallel inputs are converted into serial
form and aligned by P2S-and-align unit [6]. The serial
inputs then flow through three main on-line arithmetic
units: SO3S, SQRT and DIV. Each on-line unit is an
one-dimensional linear array of identical modules. On-
the-fly converters (OTFC) are used to convert signed-
digit partial results into conventional 2’s complement
forms [14]. OTFC is performed concurrently with the
digit-by-digit generation of redundant results so that
the conversion does not cause extra delay.

When the NOL scheme is unfolded and pipelined to
produce high-throughput POL scheme, each linear ar-
ray 1s extended into two-dimensional stair-shape array
and each digit-serial signal becomes an array of digit-
serial signals. When fully pipelined, a POL scheme
consists of n stages. In the steady state, 1t computes
up to n different normalized vectors, the first stage pro-
ducing the first digit of the i-th result and the last stage
producing the last digit of the (i — n)-th result.

Clock 0 4 8 2 16 20 24 28 32 36 40 44 48

Vi |
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Figure 2: Timing diagram of conventional scheme.
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Figure 3: Timing diagram of NOL scheme.

To demonstrate the advantages of (pipelined) on-
line arithmetic, the timing diagrams of different
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Figure 4: Timing diagram of POL scheme.

schemes are considered. Assume 16-bit precision with
15-bit fractions in the following analysis. Each timing
diagram is marked by the available clocked digits. In
a conventional (LSD-first) digit-serial scheme, usually
all digits must be known before a successive operation
begins, as shown by the timing digram in Fig. 2. In
this case, the full-precision normalized vector in paral-
lel from is available at 48-th clock cycle. Moreover, the
clock frequency is relatively low because of the full-
precision carry propagation. In a NOL scheme, suc-
cessive operations execute in an overlapped manner as
soon as ¢ input digits are available, as shown in Fig. 3.
From Fig. 3, it can be seen that the on-line delay é of
SO3Sis 1, 6 of SQRT is 6 and 6 of DIV is 4 and that the
overall on-line delay is 11. The final result is available
at 26-th cycle, in contrast with 48-th cycle in conven-
tional scheme. Each operation unit in NOL accepts
a new vector input after the previous computation is
completely done. Fig. 4 shows the timing diagram of
the POL scheme. POL has the same on-line delay as
NOL, it accepts one vector per cycle and produces one
normalized vector per cycle when fully pipelined.

3. Non-pipelined On-line (NOL) Scheme

Since NOL scheme is the basis of POL scheme,
we first present the implementation details of NOL
scheme. The theoretical part has been presented in [6].
As shown in Fig. 1, the core units are: P2S for parallel-
to-serial conversion, SO3S for sum of three squares,
SQRT for square root, DIV for division, and OTFC for
on-the-fly conversion from the serial signed-digit form
to the parallel 2’s complement form. P2S can be eas-
ily realized by a shift register with parallel loading. To
implement alignment, a shift start signal is used to con-
trol the shift register [16][6]. Other units are explained
in detail in this section.

The inputs and outputs have (n + 1)-digit precision
with n fractional digits in radix-2 form. For a signed-
digit d in {—1,0,1}, a suitable coding in bit level is
described by the arithmetic expression d = d1 — d0,
where dl and d0 are two bits of the representation.
We shall treat “11” as don’t-care input to simplify the
design.

3

3.1 Sum of Three Squares

Instead of separate units for multiplication and ad-
dition, a composite unit, SO3S, is designed to sim-
plify the implementation. The NOL algorithm for
SO3S, Fig. 5, accepts three vector elements, X, Y and
7Z (X,Y,Z < 1 and at least one of them is no less
than 0. 5) and produces the sum of three squares .S
(0.25 < S < 3) in a serial manner. The recurrence is
implemented using carry-save additions to keep a short
cycle time. The on-line delay is chosen to be 6 = 1 and
the output digit s; is in the range of {0,1,..,8}. Out-
put digit s; corresponds to the integer part of the j-th
intermediate residual W[j]. The fractional part of W[j]
is the next residual R[j].

— Inttialize—

R|—-1] = 0;

X[[—l]] = Y[—l] = Z[—l] = 0;
— Recurrence —

for 7 =0,1,2,...,ndo:

Wil =2R[j — 1]+ 2X[j — 1+ 2;27)a;
+2Y[j - 1] +y;2~ ])y] (2Z]j — 1]+ 2277 )25
5]% — cszn}(W[(jI]/[)/; )

jl — esfrac(W[j]);
X[[j]] — append(X [[J — 1],z
Y[j] < append(Y[j — 1], y;
Z[j] < append(Z[j — 1], z;
end for

J)’
)i
);

)

Figure 5: NOL Algorithm for SO3S

A block diagram of implementationis given in Fig. 6.
FLAG block in the diagram is a shift register generat-
ing an n-bit flag signal with a shifting ’1’. The flag
signal is used to indicate the current input digit po-
sition and working precision. REG/APPEND block
appends each new input digit to form a partial input
value in parallel form. DGT-MULT block produces the
digit multiplication results of (2X[j — 1] + z;277)z;,
(2Y[j — 1]+ y;277)y; and (2Z]j — 1]+ 2;277)z;. 5-to-
2 CSA generates the carry-save form of intermediate
residual, W{[j]. S-SEL is a 2-digit CPA to retrieve the
integer value of W1jl, 2(to1+toz+cout)+(W Sy +WCh).

The above block diagram can be organized in a lin-
ear array structure of digit modules as shown in Fig. 7.
Except the serial input signal which is connected to
all modules, all other signals are between immediate
neighbor modules. Fig. 8 gives the internal circuit of
each digit module, which contains registers, input data
appending, digit multiplication, and 5-to-2 carry-save
addition (CSA). The function of digit multiplication
slice for one vector element, Vz, is further given in
Table 1. The precision of the computation can be in-
creased by adding more modules to the array, while the
clock period and on-line delay remain the same if wire
delay is neglected.

The critical path in SO3S consists of register, DGT-
MULT, 5-to-2 CSA and S-SEL. Each 5-to-2 CSA has 3
full adders (FAs). The maximum clock period of SO3S

1S
treg +ipGT-MULT +t5-2_Cc54 +15_5EL
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Figure 6: Block diagram of SO3S.
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Figure 7: Linear array organization of SO3S.

which is about

(4)

Since the digit selection function only depends on
few most significant digits and the residual is propa-
gated only single position each step towards the digit
selection block, the number of digit modules can be re-
duced without affecting the result. Denote p as the the
maximum number of fractional digit modules needed

ts03s = treg + (tux +tanp) + 3tra + tascpa

for generating results with n fractional digits. For
Vin(x,.z) (WS, WC);yy  Vin (V)i flag; 1 Vin
lag,
Jlag; |REG| |DGT—MULT fla; IEEEI
flagiy g
REG (VM);
| (D)4,
1 1bit5-10-2CSA | (12);,,
')’) ™ (ery)in
(Va), (th,2,cry); (ws, we), flag;  vin

Vin, Vg, VM (in thick lines) are vectors with three elements x,y,z.
tl, 12 and cry are intermedidate signals of 5-to-2 CSA.

(Vq),, (t1,t2,cry); and (WS, WC), flow left into (i-1)-th slice;

flag; flows both left into (i-1)-th slice and right into (i+1)-th slice;

Vin is connected to all slice modueles and can be viewed as flowing right.

Figure 8: Digit module of SO3S.
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Table 1: Bit-level DGT-MULT in SO3S
[ Vo | flag: | flagiza [ (Vem)i |

0 - 0

(Vg)it
0
1

==

—_ e
—_O = O

j < p, 7 modules are actively working for the j-th re-
currence step. For j > p, only p modules are available,
which introduces a truncation error. In the 5-to-2 CSA
case, an truncation at j-th bit introduces an error at
the (j — 2)-th bit of the result. Moreover, the error is
shifted one bit left with the residual shifting. Overall,
the truncation error propagates three bits left each re-
currence step. In order not to affect the final result, p
should be chosen to avoid the truncation error affecting
the selection of the last (n-th) result digit:

_[3n—1
P=174
For a precision of 15 fractional bits, 11 fractional-digit
modules are needed.

()

3.2 Square Root

The NOL algorithm for square root (Fig. 9) works on
the output of SO3S, S (0.25 < S < 3), and generates
the square root D (0.5 < S < v/3). The input digits,
sj, are in the set of {0,1,..,8} (radix-2). Note that
sg = 0 for £ > n. The on-line delay is § = 6 and the
digit selection function dsel is

1 i {W[j]}2 >0
dj = dsel({W[j]}2) =S 0 if {W[il}a=-% (6)
—1 i W[} < -3

where {W[j]}2 is an estimate with two fractional bits

of W[j].

Table 2: Bit-level DGT-MULT in SQRT

[dido | flagi | flagiza || Mi ]

0w | - = 0
10 0 0 ey
10 0 1 1
10 1 0 1
10 1 1 -
01 0 0 bir
01 0 1 1
01 1 0 1
01 1 1 -
1| - - -
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