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Algorithm and Architecture for Logarithm,
Exponential, and Powering Computation

J.-A. Pifieiro, M.D. Ercegovac, Fellow, IEEE, and J.D. Bruguera, Member, IEEE

Abstract—An architecture for the computation of logarithm, exponential, and powering operations is presented in this paper, based on
a high-radix composite algorithm for the computation of the powering function (X"). The algorithm consists of a sequence of
overlapped operations: 1) digit-recurrence logarithm, 2) left-to-right carry-free (LRCF) multiplication, and 3) online exponential. A
redundant number system is used and the selection in 1) and 3) is done by rounding except from the first iteration, when selection by
table look-up is necessary to guarantee the convergence of the recurrences. A sequential implementation of the algorithm, with a
control unit which allows the independent computation of logarithm and exponential, is proposed and the execution times and
hardware requirements are estimated for single and double-precision floating-point computations. These estimates are obtained for
radices from r ... 8 to r ... 1;024, according to an approximate model for the delay and area of the main logic blocks and help
determining the radix values which lead to the most efficient implementations: r ... 32 and r ... 128.

Index Terms—Computer arithmetic, elementary function approximation, digit-recurrence algorithms, logarithm, exponential,

powering, high-radix, LRCF multiplication, online arithmetic.

1 INTRODUCTION

owerING (XY), logarithm (log X), and exponential (2%)
Pare important operations in computer 3D graphics,
digital signal processing (DSP), scientific computing,
artificial neural networks, logarithmic number systems
(LNS), and multimedia applications [12], [16], [21], [26],
[29]. As other elementary functions, such as square root,
reciprocal square root, and trigonometric functions, they
have been traditionally computed by software routines [3],
[9], [10], [13]. These routines provide very accurate results,
but are often too slow for numerically intensive or real-time
applications. The timing constraints of these applications
have led to the development of dedicated hardware for the
computation of elementary functions, including the im-
plementation of table-based algorithms [17], [25], [27], [28],
functional iteration methods [11], [18], [20], and digit-

recurrence algorithms [2], [7].
Accurately computing the floating-point powering func-

tion is considered difficult [17] and the prohibitive hardware
requirements of a table-based implementation (note that X"
is a 2-variable function) have led only to partial solutions,
such as powering algorithms for a constant exponent p [21],
[27] or for very low precision [12]. A direct implementation of
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adigit-recurrence algorithm for powering computation is not
feasible due to its high intrinsic complexity.

In this paper, we give a detailed description of an
optimized composite iterative algorithm for the computa-
tion of the powering function (XY), for a floating-point
input operand X ... M,25 and integer® b-bit operand Y,
and extend it to powering operations with exponents of the
type Y .. 1=q, with q integer. An abbreviated previous
version of our algorithm with integer exponent was
presented in [23]. The final result, XY, was computed as
Z .. M2 . eYI"M: 2YE through a sequence of overlapped
operations. The first step consisted of computing In M, by
using a high-radix (r ... 2°) digit-recurrence algorithm with
selection by rounding [22]. An intermediate computation
Y_In M, , with Y_ ... Y log, e , was carried out by a high-
radix left-to-right carry-free (LRCF) multiplication opera-
tion [5]. Another LRCF multiplication by In2 was per-
formed to guarantee the convergence of the algorithm and,
as the last step, the exponential of the resulting product was
computed by an online high-radix algorithm, with online
delay ... 2 and selection by rounding [24].

In the optimized version of our algorithm, the final result
XY can be computed directly as Z ... M,25 .., 2Y 1062 Mx DV Ex
which allows avoiding the computation of Y, ... Y log, e
and eliminates the need for a second LRCF multiplication,
reducing the overall latency by one cycle. The expressions
of the recurrences in the computations of the logarithm and
the exponential must be slightly modified and extra look-up
tables storing 1;=In 2 and ej=In 2 are now required.

In the stages computing such operations (logarithm and
exponential), selection by table look-up is still performed in
the first iteration to guarantee the convergence of both

1. The computation of the powering operation with integer exponent in
the range 1;128 is useful, for instance, in computer graphics lighting
computations (the lighting specular component in the OpenGL graphics
pipeline [12]).
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algorithms, with the online delay of two cycles in the
exponential scheme allowing addressing of the initial tables
one cycle in advance and reducing the delay of the critical
path in this stage.

A sequential architecture for powering computation was
proposed in [23], with radix r ... 128. Such an architecture
can actually be implemented with any radix r 8, although
the overall hardware requirements increase with r and an
analysis of the trade offs between area and speed is
necessary for determining which radix values result in the
most efficient implementations. We perform such an
analysis in this paper for our optimized algorithm.?

The analysis performed is based on estimates obtained
for single and double-precision computations and for radix
values going from r..8 to r..1;024, according to an
approximate model for the delay and area cost of the main
logic blocks employed in the proposed architecture. The
main results of our analysis are that a fast implementation
can be obtained when using r ... 128, but an implementation
with r ... 32 is more suitable for applications with tighter
area constraints. There is no advantage in using values r >
128 since similar or slower execution times are achieved,
with much higher hardware requirements.

Since the computations of logarithm and exponential are
included in our algorithm for powering computation, some
minor changes can be made to the architecture to allow for
the independent computation of logarithm and exponential,
with lower latencies than powering, making the architec-
ture an interesting alternative when implementing a
dedicated unit for elementary function computation.

The rest of this paper is structured as follows: We first
focus on the algorithm for powering computation with
integer exponent Y, giving a detailed description of the
algorithm and its error analysis in Section 2 and detailing
the architecture implementing the algorithm in Section 3,
with an overview of the high-radix logarithm, LRCF
multiplication, and online high-radix exponential stages.
The evaluation of the proposed architecture for single and
double-precision floating-point results, for radix values
going from r ... 8 to r ... 1;024, is presented in Section 4. In
Section 5, we explain the minor modifications to be made to
the proposed architecture in order to allow for the
independent computation of logarithm and exponential.
We show how to extend our algorithm for powering
computation to exponents of the type Y ..1=q, with
q integer, in Section 6. Finally, the main contributions made
in this paper are summarized in Section 7.

2 ALGORITHM FOR POWERING COMPUTATION

In this section, we present a new composite iterative
algorithm for the computation of the powering function
(XY), for a floating-point operand X and an integer b-bit
exponent Y, describing the algorithm and its error analysis.

2.1 Overview
The algorithm is based on the well-known identity

2. The exponent Y can be 2b-bit wide (instead of b-bit wide) when a
maximum value of 2° 1 does not meet the application requirements. We
have chosen, for our study, duplicating the size of the input operand Y for
radix values r < 128, taking into account the range of the integer exponent
in the OpenGL specular lighting computations.
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XY 2Y log, X : 1

Considering a floating-point® input operand X ... M, 2Ex,
with My the n-bit significand and Ey the exponent, and an
integer b-bit* input operand Y :

XY . oY log, My 2Ex . 9Y log; My log, 2Bx

oY log; My oY log, 2Bx oY log; My log, 2YEx 2

2Y log, My 2Y Ex.

According to (2), the powering function can be calculated
by a sequence of operations consisting of the logarithm of
the significand My, a multiplication by Y, and the
exponential of the resulting product. The form of the result
is a significand 2" '°% Mx and an exponent Y E,, typical of a
floating-point operand.®

For an efficient implementation of the powering func-
tion, the computation of the operations involved must be
overlapped, which requires a left-to-right most-significant
digit first (MSDF) mode of operation and the use of a
redundant number system.

A problem of the proposed algorithm is the range of the
digit-recurrence exponential, which is In2;In2 , while
the argument of the exponential here is Y log, My , with Y
an integer. To extend the range of convergence of this
algorithm and, thus, guarantee the convergence of the
overall proposed method, we extract the integer | and
fractional part F of the product serially, which requires Y to
be a b-bit (or 2b-bit) integer.

The exponential becomes:

2Y log, My 2|2F 3
and, therefore, according to (2),
xY 2F2| YEyx . 4

with I and F the integer and fractional parts of Y log, My ,
resulting in a bounded argument for the exponential.

In summary, as illustrated in Fig. 1 for single-precision
computations with r ... 128, our algorithm for the computa-
tion of the powering function consists of three steps. The
number of iterations to be performed in each stage will be
explained in Section 2.2.

1. Computing the logarithm of the input significand,
log, My , by employing a high-radix digit-recur-
rence algorithm [22].
2. Computing the product Y log, My by using a serial
left-to-right carry-free (LRCF) multiplication scheme
[5]. The integer 1 and fractional F parts of
Y log, My are extracted serially.
3. Computing the exponential M, ... 2F by employing
an online high-radix algorithm [24].
The exponent E, can be computed in parallel by an
integer multiply-add unit. The output of the algorithm is
the floating-point normalized result:

3. The algorithm can be adapted to a normalized fixed-point input
operand X ... My, 1 My <2, resulting in XY .., 2" 100 Mx |

4. The size of the exponent Y can be set to 2b-bits when the range must be
extended, for instance, to perform lighting computations if the radix is
r<128.

5. For fixed-point computations, the value 2Y '°% Mx must be shifted Y Ex
positions.
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Fig. 1. Operation flow of the powering algorithm (single-precision computation, r ...

XY .. M,25 . 2F2 ! YE«: 5

The use of redundancy results in 2F 2 0:5;2 and,
therefore, a normalization of the final result may be
necessary. However, the condition F < 0 can be determined
in advance to the last iterations of the exponential and the
final normalization can be performed with no extra delay.

The overall latency of the algorithm, as shown in Fig. 1,
can be estimated as

latency ... N¢ 1 1 6

with N the number of iterations of the online exponential,

1 cycles to accommodate the online delay, one cycle
due to the LRCF multiplication, and extra cycles due to
the computation of the integer part I of Y log, My . I can be
obtained in a single cycle ( ... 1) when Y is a b-bit integer,
while ... 2extracyclesare necessary when arange extension
has been performed by allowing Y to be 2b-bit wide.

A latency reduction by one cycle is achieved regarding
the algorithm proposed in [19], [23] due to the elimination
of the second LRCF muiltiplication, required in that case to
guarantee the convergence of the algorithm, which was
based on the identity X" ... e" "X instead of XY ... 2" 092X

2.2 Error Analysis
The final error in the algorithm consists of the accumulation
of the errors due to the cascaded implementation of a set of
operations and must be bounded by 2 " ! before the final
rounding.

Let | be the error in the computation of the logarithm of
the input significand: In My ;. When the LRCF multi-
plication is performed, the associated error is:

LRCF - 1Y  m; 7

with , the error due to the LRCF multiplication scheme in
the computation of the product.
The integer | and fractional F parts of the product
Y log, My are extracted serially, with no error affecting the
integer part. The next operation to be performed is the
exponential 2F. The obtained result is:
2F 9 Lrer ol 8

with ¢ the error in the computation of the exponential.

128).

The difference between the exact result and the obtained
result must be bounded:

joF  2Fawer  j<2 i 9

Taking into account that 2F 2 0:5;2 :

i po2Y o 2%<2n? 10

For a precision of n bits and a radix r .. 2°, a set of
minimum values for |, m, and . must be determined to
guarantee a final result accurate to n bits. The values of the
error parameters set the precision to be reached in each
stage, n;, Ne, and npg. These parameters determine a
minimum number of iterations of the logarithm (N,) and
the exponential (N¢) to be performed. As shown in Fig. 1,
the number of iterations of the LRCF multiplication to be
performed must be the same as those of the logarithm, N,
because all the information must reach the exponential
stage. The parameters N;, Ng, nj, ne, and ny, set the size of
the look-up tables, adders, and multipliers to be used.

Moreover, g;, ge, and gm, guard bits must be employed to
guarantee that, in each stage of the powering algorithm, the
iteration errors do not affect the achievement of the
required precisions nj, ne, and np,.

The critical parameter to be minimized first is . since it
is directly related to the required precision n, to be reached
in the exponential stage and, therefore, to N, the number of
iterations of the online exponential algorithm to be
performed.®

As an example, we show in Table 1 the set of minimum
values for the considered parameters for single (n ... 24) and
double-precision (n ... 53) computations, when the radix is
r .. 128. Ne and N are given in cycles, and ne, nj, and ny, are
given in number of bits.

3 IMPLEMENTATION

In this section, a sequential architecture is proposed for the
implementation of our high-radix powering algorithm. We
outline here the main computations involved: 1) high-radix
logarithm, 2) high-radix LRCF multiplication, and 3) online
high-radix exponential, and then describe the main features

6. Note that N, is the only parameter that affects the latency of the
algorithm since ... 2 for any n and any r 8, as shown in [24].
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TABLE 1
Example of Parameters for Powering Computation (r ... 128)

| Precision “ N, (cycles) ‘ N (cycles) || ne (bits) | ny (bits) | Ty, (bits) |

SP (n = 24) 4 6
DP (n = 53) 8 9

26 36 27
55 60 55

of the logic blocks employed. Fig. 2 shows the block
diagram of the proposed architecture. Single thick lines
denote long-word (around n bits) operands/variables in
parallel form, single thin lines denote short-word (up to
11 bits) operands/variables in parallel form, and double
lines denote single-digit (b bits) variables (R;, I, and Fj).

3.1 High-Radix Logarithm
A high-radix digit-recurrence algorithm for the computa-
tion of In My is described in detail in [19], [22]. Some
modifications and optimizations have been made in the
algorithm used here, according to the operation flow in the
optimized algorithm for powering computation, and also a
slightly different notation from that used in [22] is
employed.

The algorithm for the computation of log, My is based
on the identity

Y >
log, My ...log, My T log, fj : 11
Provided that the following condition is satisfied:
Y
My 5 11; 12
then
log, fj ¥ log, My : 13

The condition (12) can be achieved using a multiplicative
normalization, which consists of determining a sequence f;
such that My is transformed to 1 by successive multi-
plications. To simplify the multiplications, it is convenient
to define the constants as fj ... 1 ljr J, where r ... 2 is the

(R

| . . Integer |

| High-Radix | Muitadd [T E
| Logarithm |

| |

| R, On-Line |
7| LRCF || High-Radix _|,.
—>{  Multiplier Exponential LS
| (R, ) F, |
|\ _ _ _ _ _ — _— _ _1

Fig. 2. Block diagram of the proposed architecture.

radix and l; is a radix-r digit. This form of f; allows the use
of a shift-and-add implementation.

The recurrences for performing such multiplicative
normalization and computing the logarithm digits are [22]:

Wi 1 or Wil Wik rd "
Rj 1 .rRyj o llog,1 Lrd rR;;
with j 1, Wil ..rMy 1,Ril ..0, and R;..0. For a

result precision of n; bits, N,..dn=be iterations are
necessary. The scaled recurrence R has been defined as

Rij ... 2Lij 15

in order to extract a radix-r digit R; per iteration from the
same bit-positions in all iterations.

The block diagram of the high-radix logarithm stage is
shown in Fig. 3, with double lines for SD operands, thin
ones for single-digit operands, and thick lines for parallel
operands. TAB rl; and TAB log_l; are the look-up
tables storing rl; and log, 1 lir ', respectively, ad-
dressed by the b 1 most significant bits of the input
operand My.

The selection of the digits I; in iterations j 2 is done by
rounding an estimate of the residual. Such an estimate is
obtained by truncating the signed-digit representation of
Wihj to t fractional bits. The selection function is

lj ... round Wi4j : 16

The sign of the digit I; is defined as opposite of the
sign of W,ij in order to satisfy a bound on the residual,
thus assuring the convergence. The digit set for I; is
f r 1;...; 1,0;1;...;r 1qg.

Iteration j ... 1 does not converge with selection by round-
ing, so the selection of |; is performed by table look-up. This
table is addressed by the b 1 most significant bits of the
input operand My and the selection is done in such a way that
the value of jl,j is bounded according to the convergence
conditions [22]. However, this results in an overredundant
digit I; (b 1 bits), increasing by one bit the size of the
multiplier operand. The convergence conditions also deter-
mine a minimum value of t ... 2and theradixr 8.

A multiply-add unit is used for the computation of the
residual recurrence, unlike in the algorithm proposed in
[22], where a separated SD multiplier and SDA4 were used.
The digit I, is stored in the look-up table TAB rl; already
in SD-4 recoded form to reduce the delay of the path
containing the table and the multiply-add unit.

The logarithm constants are stored in a look-up table
whose size grows exponentially with the radix. However, an
approximation Ijr !=In 2 can be used in iterations j
dNj=2e 1 in order to reduce the overall hardware require-
ments of the algorithm, with alook-up table storing l;=In 2 .
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jl b+120)
TABLE 1I‘ABL2
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H n+g;
A I
we |
to LRCF Mult

Fig. 3. Block diagram of the high-radix logarithm stage.

The use of redundant representation is mandatory in our
algorithm for powering computation due to the left-to-right
operation flow and results in faster execution times by
making the additions independent of the precision.

3.2 LRCF Multiplication

The left-to-right carry-free (LRCF) multiplication, intro-
duced in [5], produces the product digits from a redundant
set in a most-significant-digit-first (MSDF) manner and
performs the conversion on-the-fly of the product generated
in a redundant form to the conventional form without using
a carry-propagate adder and without additional delay. The
resulting implementation is fast and regular and is very
well-suited for VLSI implementations [14].

We adapt the LRCF multiplication to carry out the
intermediate multiplication in the high-radix powering,
utilizing its left-to-right operation flow, with redundant
representation of the operands and recoding to a high-radix
of the multiplier operand. However, since the high-radix
exponential is of the online type, the digits produced by

from HR LOG

o ™|
b (or 2b) b

Mult_Add -

Y

w, [j]

n,+g,

r-frac()

P, L | |
He
to OL_HR_EXP

Fig. 4. Block diagram of the LRCF multiplication stage.

LRCF multiplier are used without conversion. The block
diagram of the LRCF multiplication stage is shown in Fig. 4.

The adapted LRCF algorithm has two operands, A and
D. P‘-_lﬁ the radix-2 representation of the operand a such that
a.. ™A2' with A; 20;1g. D is the recqded radix-r
representation of the multiplier d such thatd ...~ ™" Dir ',
with D; 2F r=2;...;r=2gand r ... 2°,

The recurrence produces a sequence of two accumulated
products w and p as follows:

whj 1 .. r fraction wkj aDj ;

Kj 1 .. integer wij  aDj
Py 1 o.pg o Kjardh

with j ... 1;...;nym=b and initial values wi0 ... pi0 ... 0. The
digits of the multiplier are used from most to least
significant, unlike conventional multiplication schemes
which use a right-to-left mode. After np,=b steps, pinm=b
is the most significant part of the product, while winp,=b is
the least significant part.

A fast implementation of the LRCF multiplication
scheme requires: 1) use of a redundant adder (either CS
or SD) to compute the residual whj and 2), since the
maximum value of K; in (17) is, in general, larger’ than
r 1, arecoding of K; and Kj ; into Pj in the range
 r 1;r 1 is necessary. That is, the resulting digit
will be Pj .. T Kj;Kj 1.

Regarding the implementation proposed in [5], the main
modification in the LRCF multiplication stage in the
architecture for powering computation is the use of a
multiply-add unit for computing the recurrences, instead of
separated redundant multiplier and adder.

17

3.3 Online High-Radix Exponential

An online high-radix algorithm for the computation of eF is
described in detail in [19], [24]. Some modifications and
optimizations have been made in the algorithm used here,
according to the operation flow in the optimized algorithm

7. The range of K;j is jK;j < 3r=2.
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r

( mux )
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Teess
W, [j] |

|b+t|

M

z

Fig. 5. Block diagram of the online high-radix exponential stage.

for powering computation, and also a slightly different
notation is used.
The algorithm for the computation of 2F is based on the
identity
Y

ZX hj 2X log, hj :

18
with h; .. 1
digit.

The exponential is computed on the basis of partial
information:

ejr J, r ... 2° being the radix and e; a radix-r

X ]
Fi0 ... Fjl" J;
j.1

19

with the online delay and F; the radix-r digits of the input
operand F.

The recurrences for performing the additive normalization
of F and computing the exponential are [24]:

Wehj 1 ..rWehj ©Plog,1 erd For 20
Ej 1 .E4§ 1 egrl;
with J 1, Wbl ... rF%0, and E#¥l ..1. For a result

precision of ne bits, a total number of N ... dng=be iterations
are necessary. An approximation ejr=In 2 to the loga-
rithm constants can be used in iterations j dNe=2e 1,
with a table storing e;j=In 2 , in order to reduce the overall
hardware requirements of the algorithm.

The block diagram of the online high-radix exponential
stage is shown in Fig. 5, with double lines for SD operands,
thin ones for single-digit operands, and thick lines for
parallel operands. TAB e;r 1 and TAB log_e; are the
look-up tables storing e;r *and r?log, 1 eir !, respec-
tively, addressed by the b most significant bits of the input
operand F.

The selection of digits e; is done in iterations j
rounding an estimate of the residual:

2 by

gj ... round Weij ; 21

with a digit set forej of £ r 1;...; 1,0;1,...; r 1q.
Weij is obtained by truncating the signed-digit representa-
tion of Wehj to t fractional bits.

The use of selection by table look-up is required in the
first iteration. The table is addressed by the b most
significant bits of the input operand F; and the selection
is performed sothat r 3 e r 2, which results
in an overredundant first digit e;. The convergence
conditions also determine a minimum value of t ... 2, an
online delay ..2, and a bound on the radix r 8, as
shown in [24].

The look-up tables used in the first iteration are
addressed one cycle in advance, since Fi0 is already
known while F ; is being computed, and the obtained
values can be stored in the registers reg_e; and reg_loge;.

The conversion from redundant to conventional repre-
sentation of the final result is performed using an on-the-fly
method [4], [6], avoiding the need for a carry-propagate
addition and an increase in neither the cycle time nor the
latency of the algorithm.

3.4 Implementation Details
The main features in the implementation of our architecture
for powering computation are:

All variables are in redundant representation
(signed-digit) to allow faster execution of iterations,
since the additions become independent of the
precision. A similar approach could be proposed
with the use of carry-save (CS) representation [15].
All products of the type Qij r J and gjr I (with g; ...
lj or ;) can be performed as shifts since r ... 2°.

SDA is a signed-digit binary adder with input bit-
vectors. The addition of two SD operands requires
an SDA4 adder since the input operands are
represented by two bit-vectors each. We use SDA3
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