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Abstract

We seek to reduce the latency of division opera-
tions. In many programs arithmetic instructions are
frequently erecuted on the same inputs. Previous
work has exploited this property by caching the quo-
tient, bypassing the divider in the case of a cache hit.
We propose caching a portion of the quotient, allow-
ing a reduction in the cache size and an increase in
cache hit rates. We call this approach partial caching.
We present modifications to digit-recurrence division
methods to accommodate partial caching. Using sev-
eral benchmarks, we measure the hit rate and speedup
which can be obtained.

1 Introduction

This research is about reducing the number of cy-
cles needed to execute division operations. Our ap-
proach exploits the findings in [2, 1, 8, 7], which state
that arithmetic instructions are frequently executed
on the same set of inputs. If these recurring in-
stances of instruction execution are stored in a cache-
like memory, the latency is reduced from many execu-
tion cycles to a few cycles needed to access this cache
and retrieve the result. We investigate the use of this
approach in digit-recurrence division, develop designs,
and evaluate the resulting cost and latency.

1.1 Related Work

Previous research [1, 2, 6, 7, 8] in caching division
operations has focused on bypassing an entire division
operation, without changing the arithmetic algorithm.
A cache is indexed using the dividend and divisor. If
a cache hit occurs, the quotient may be obtained. We
will refer to this as full caching.

The idea of applying caching, in hardware, to arith-
metic operations was introduced in [8]. He also by-
passes the computation of trivial operands. Citron
and Rudolph [2, 1] investigated design parameters for
arithmetic caches, such as cache size and associativity,
as well as the interaction with a processor’s architec-
ture.
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Oberman and Flynn [7, 6] investigated the use
of division caches and reciprocal caches. Reciprocal
caching is used in conjunction with a multiplicative
method. Reciprocal caches tend to have higher hit
rates and less variability.

1.2 Our Approach

We investigate the design and performance of
caching of the most-significant parts (prefiz parts) of
the operands and the result. We call this approach
partial caching. We define the prefix to be the p most
significant digits of the mantissa. Let
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with X and D represented in a radix-r sign-and-
magnitude system, and @ represented in two’s com-
plement after conversion. In the case of a cache hit,
we avoid computing @), and reduce correspondingly
the number of division iterations. The choice of prefix
p allows trade-offs between cache area (i.e., cache hit
rates) and the number of division iterations.

We will examine partial caching within the context
of digit-recurrence methods. Our derivation of partial
caching is based on the principle of on-line arithmetic
[3]: to obtain the first quotient digit, § + 1 digits of
the dividend and the divisor are processed. There-
after, one digit of the dividend and divisor is used per



cycle to produce the next quotient digit. This implies
that if p most-significant digits of the dividend and
the divisor in a division operation are the same as in
another one, the quotient of p— ¢ digits and the result-
ing remainder are also the same, and can be obtained
from a cache.

2 Division with Partial Caching

We now describe our approach for using the cached
prefix in digit-recurrence division. Our goal is to re-
duce the number of cycles required. If the prefices of
independent operations are the same, it is wasteful to
recompute those bits of the quotient dependent only
upon the prefix. Instead, we retrieve the part of the
division operation dependent upon the prefix from a
cache, and compute the remaining digits of the quo-
tient. Upon a cache miss, the state at the end of the
prefix computation is stored in the cache and the re-
maining iterations are completed.

2.1 Algorithm

Algorithm 1 Division with Partial Caching
W[0]+X,; Q[0] - 0
{Stage 1}
for j=0top—0—1 do
gj+1 = select(§ )
Qlj+1] convert(Qli, g;+1)
W[j+1] < tWIj] - ¢j+1Da
end for
{Stage 2}
W[P - 5]corrected<_w[p - 5] + Xbrp_é - QanTp_é
{Stage 3}
for j=p—dton—-1 do
gje1 = select(j )
Qlj+1]+ convert(Qljlg;+1)
WIj+1] < rWIj] - g1 D
end for

We now discuss the algorithm for radix-r digit-
recurrence division with partial caching, which is sum-
marized in Algorithm 1. Let p be the length of the
prefix in digits, W[j] be the residual at iteration j, &
be the online delay in digits, and ¢ be an estimate of
the shifted residual »W[j].

The algorithm consists of three basic stages: 1) Per-
form a p-digit by p-digit division, producing only p— 4§
quotient digits. This requires that p > 4. 2) Correct
the residual, and extend the operands. 3) Produce the
remaining digits of the quotient.

In the case of a cache miss, Stage 1 is performed,
and the residual W{j] and @Q,, are stored in the cache.
Then, Stages 2 and 3 are performed. In the case of

a cache hit, we obtain (), and the residual from the
cache, allowing us to bypass Stage 1. Only Stages 2
and 3 are performed.

One may question why we only produce p — § dig-
its in Stage 1, rather than producing p quotient digits
of output. The residual must be taken into account.
When proceeding from Stage 1 to Stage 3, one must
correct the residual from Stage 1 with correction terms
derived from the full precision operands, so that the al-
gorithm will converge. On-line division provides these
correction terms. If we produce p — § digits of quo-
tient, we maintain the on-line property, and are thus
guaranteed convergence.

Consider Stage 1, which produces p—4§ digits of quo-
tient, given p digits of X and p digits of D. Through-
out Stage 1, we are guaranteed to have at least as
many input digits as the corresponding on-line algo-
rithm. An on-line operation producing j digits of out-
put requires j + d digits of input. So for the on-line
algorithm to produce p — § digits of quotient, it re-
quires at least p digits of input. We require Stage 1
to have p digits of input, and only allow the stage to
progress through p — § iterations.

To understand Stage 2, the correction step, it is nec-
essary to first examine those correction terms present
in the on-line algorithm. The correction term for X
is 715417 %. As an additional digit of X arrives, we
must insert this new digit into the residual. In a pure
digit-recurrence algorithm, the residual would have all
of X at the start of the algorithm. The online algo-
rithm corrects itself by inserting one digit at a time.
But for the prefix approach, we insert all of the re-
maining digits of X at once, with the term XrP—°.
Since p — § iterations preceded the correction phase,
we multiply by r?~9.

The second correction term uses the newly intro-
duced digits of D. Consider the definition of W{j],
Wj] = X — Q x D. We have already accounted for
X; now we need to take into account the @) *x D term.
After producing p — § digits of quotient, we need to
account for (), *x D, but these iterations only provided
Q.D,. Therefore, when we have the remaining dig-
its of Dy, we subtract the correction term Q,DyrP~°.
Since p—4 iterations preceded the correction phase, we
multiply by 7P~°. We have now corrected the residual
to use the full-precision operands.

After the correction, Stage 3 proceeds with full-
precision operands. Using an argument similar to that
for Stage 1, we are guaranteed to have at least as many
bits as the equivalent on-line algorithm. Since we have
the full precision operands, this phase is analogous to
a standard digit-recurrence division. Stage 1 is analo-



gous to a p by p digit-recurrence division, iterated for
p — § cycles. Only Stage 2 requires the extra terms
needed for an online division.

2.2 Implementation

The block diagram for our implementation is shown
in Figure 1. The diagram shows a radix-2 implementa-
tion. The additional components required include: ad-
dition multiplexers, a multiplier accumulator for com-
puting the corrected residual (the output remains in
carry-save represenation), and a short CPA used to as-
similate Wj] for cache storage and to compute QM,
after a cache hit. An on-line selection function is re-
quired. Stage control units select between a full pre-
cision value, and the corresponding prefix.

Each entry in the cache has a tag portion and a
data portion. The tag, which consists of X, and D,,
is used to index the cache. Each of these quantities
requires p digits of storage. For the data section of a
cache entry, we store both @), and the residual W{j].
Q. requires p — ¢ digits of storage. Let @ and QM
constitute the state of the on-the-fly converter. We
can explicitly compute Q) M, using the existing CPA.
This step can be performed simultaneously to the mul-
tiplication in the correction step. Thus, we only need
to store (), in the cache, but not QM,. The residual
Wj] is obtained in carry-save form. It is converted
to the conventional form during the remaining steps
of the algorithm. The conversion is not in the critical
path and a simple CPA is sufficient. The total number
of digits required for one cache entry is 4p — §.

2.3 Comparison

We now compare a number of divider implemen-
tations. We perform a technology-independent eval-
uation, with timing and area reported in terms of 2-
input NAND gates. Let tcpecr be the time to check
for a cache hit, t,.qq the time to read data from the
cache upon a cache hit, ., the time to execute the
correction step of the algorithm, tcycie the cycle time,
T4iv g the latency of a division with cache hit, and
T4iv m the latency of a division with cache miss.

For the cache tag matching t.pecr, and cache
read/write, t,eqq, we assume a 1 cycle delay. We find
that t.,, is approximately 1 cycle. We consider both
radix-2 and radix-16 implementations. For radix-2,
p = 10, under a hit,

cycle(1 +n—-—p+ 6) + tcor

cycle (TL - 4)

Ty r t
S

while under a cache miss,

Taivm = tcycle (n) +teor = tcycle (n + 1)

Table 1: Digit-recurrence algorithm comparison for
n=24%*

Algorithm latency | datapath | cache entry
Taiv area size
Radix-2 1 1 -
Radix-2 full .29 1 72
Radix-2 partial .93 1.3 36
Radix-16 42 1.6 -
Radix-16 full .16 1.6 72
Radix-16 partial A1 3.3 66

*For all cached division methods, 2® cache entries
were used. Latency and datapath area are normal-
ized. Cache entry size is given in bits.

For radix-16, two radix-4 stages are overlapped. We
choose § to be 3 radix-4 digits, and redundancy factor
p to be 2/3. We assume a prefix of 18 bits, allowing 3
radix-16 quotient digits to be cached. Under a cache
hit,

Tdiv H = tcycle(]- + n/4 - 3) + teor
tcycle (TL/4 - 1)

while under a cache miss,

Tdiv M = tcycle (TL/4) +iteor = tcycle (n/4 + 1)

As shown in Table 1, our method provides a modest
decrease in latency, and decrease the cache entry size.
We compute the latency as

Tiiv = (h’tt rate)Tdiv H+ (1 — hit rate)Tdiv M

Q

for those algorithms which use caching.

3 Experimental Results

In this section, we investigate the hit rates of prefix
caches. We traced the floating-point division opera-
tions from several applications, using this data as in-
put to our cache simulator. Our choice of benchmark
applications consists of two multimedia benchmarks,
MediaBench [5] and Khoros [4].
3.1 Available Operand Redundancy

First we investigate the amount of available redun-
dancy. A simulation of a fully associative cache with
infinite size was created. Hit rates are shown in Fig-
ure 2. Single-precision floating-point instructions were
traced. Application dependent behavior may cause de-
creases in hit rates as the prefix length increases. The
Rasta application has few floating-point instructions
and performed poorly. For an infinite cache, hit rates
increase as we decrease the prefix.
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Figure 1: Block diagram of radix-2 division with partial caching

3.2 Hit Rates on Real Caches

Figure 3 shows the hit rates for a variety of caches
on the “MesaTexgen” benchmark. We vary both the
prefix and the number of cache entries, and examine
the hit rate. A fully associative cache was used. For
prefix lengths greater than 10-12 bits, the cache hit
rates do not decrease further. Hit rates range from
60% to 80%, depending upon cache size. As we in-
crease the cache size by a power of 2, the hit rate
increases by approximately 5%.

In Figure 4, we show the effects of associativity
upon the hit rate. This is for the “MesaTexgen” bench-
mark, with a cache containing 2° entries. Changing
the associativity does not have a large impact on the
hit rate for this particular application.

3.3 Speedup

We show the speedup obtained for radix-2 in Fig-
ure 5. If one is not concerned about area, the greatest
speedup will be obtained from using a larger cache
size, and by caching in the full precision. However, if
area is limited, one may choose an appropriate curve
from Figure 5. Given a fixed increase in cache area,
it is better to increase the number of entries than to
increase the prefix.As one moves to a larger prefices,
greater increases in speedup occur for larger caches.
But for small prefices, small caches are adequate.
There is a break-even point when the prefix is 8 bits.
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Figure 2: Hit rate vs. Prefix (bits) for an infinite, fully
associative cache

Hit rate vs. Prefix vs. Log Cache Size
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Figure 3: Hit rate vs. Prefix vs. Log cache size
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Figure 4: Hit rate vs. Prefix vs. Associativity

Speedup vs. Prefix vs. Cache size

A x
19 =
“«
18
17 =
216 v s
3 15 = 4 s 6
8 14 = v |7
-3 3 R
D 13 = a8
——F ks
11
& ———
09—
08 T

4 5 6 7 8 9 10 1 12 13 14 15 16 17 18 19 20 21 22
Prefix (bits)

Figure 5: Speedup vs. Prefix vs. Log cache size

4 Conclusion
4.1 Summary

We have proposed and investigated the use of par-
tial caching in reducing the latency of division oper-
ations. We allow the designer more flexibility, since
the designer may chose the number of quotient dig-
its to cache, based on the characteristics of a specific
application. We have demonstrated that our digit-
recurrence implementation of partial caching allows a
modest speedup, with a smaller cache entry size than
full caching. Depending upon the prefix, speedups can
range from 1.1 with a prefix of 10 bits to a speedup of
2 with a prefix of 22 bits.

We have also observed the hit rates of partial
caching. Hit rates tend to level off for prefices greater
than 10-12. Despite this fact, increasing the prefix will
lead to an increase in speedup, at the cost of additional
area. The designer can choose the appropriate prefix
for a given application and set of area constraints.

4.2 Limitations

Increases in cache hit rates only occur for p < 12
bits. Because of this property, partial caching is more
appropriate for use with single-precision floating-point
values. If one cannot achieve a high hit rate, partial
caching may be slower than uncached division. Be-
cause caching depends upon the application, we do
not recommend partial caching for a general purpose

processor.

Partial caching imposes additional constraints on
the choice of radix. Only p — ¢ quotient digits may be
cached. As one increases the radix, the number of bits
in § becomes larger, and one can cache fewer quotient
digits. Also, the on-line selection function becomes
increasingly complex.
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